SOLUTIONS OF THE DIFFERENTIAL INEQUALITY WITH 
A NULL LAGRANGIAN: REGULARITY AND REMOVABILITY 

OF SINGULARITIES 

o 
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>>: 

^ . Abstract. We prove a theorem on self-improving regularity for derivatives of 

solutions of the inequality F{v'{x)) < KG(v' (x)) constructed by means of a 
quasiconvex function F and a null Lagrangian G. We apply this theorem to 
^^ ^ improve the stability and Holder regularity results of 1151 and to establish a 

theorem on removability of singularities for solutions of this inequality. 

"^ ' 1. Introduction 

rj '. ^^ 

.4_> , In the present paper, which is a sequel to pTSl, we study properties of solutions 

"3 ' of the following inequality 

(1) F{v'{x)) < KG{v'{x)) a.e. V 

constructed by means of a quasiconvex function F and a null Lagrangian G. The 
" t-j^ , results on closer of sets of such solutions with respect to the local convergence in 

O^ ' the Lebesgue space, their Holder regularity, and precompactness of these sets with 

l/^ , respect to the locally uniform convergence [151 Theorems 7 and 8 and Corollary 1] 

'nT ' are applied to obtaining the stability theorems [151 Theorems 1 and 3-6] for the 

class of solutions to the equation 

(2) F{u'{x)) = G{u'{x)) a.e. V. 

^D . The main result below is the theorem on self-improving regularity for derivatives 

of solutions of ([T]) (Theorem I3.ip . We apply this result to improve the above- 
mentioned Holder regularity and stability theorems (see Theorems l3.2| - [3^ . Also we 
prove the theorem on removability of singularities for solutions of ([ij fTheorem l3.5l) . 
Observe that if for a mapping v. V C M" — >■ M", n > 2, we define F{v'{x)) = 
C^ ' \v'{x)\^ and G{v'{x)) = detu'(a;) then inequality ^ is the dilatation inequality 

(3) Iv'ix)]'' <Kdetv'{x) a.e. K 

We remind that a solution of the class M^^'"(F;R") of the dilatation inequality 
is called a mapping with K -bounded distortion or a K-quasiregular mapping. The 
theory of mappings with bounded distortion is the key part of the geometric function 
theory which has many diverse applications (for example, see monographs [171 1181 
[221 [31 [331 [34] and the bibliography therein). 

A remarkable feature of the class of conformal mappings (mappings with 1- 
bounded distortion) is the stability phenomenon. The first results on stability of 
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2 A. A. EGOROV 

classes of plane and spatial conforinal mappings were obtained by M. A. Lavrent'ev 
while studying quasiconformal mappings (homeomorphic mappings with bounded 
distortion) [371 HB]. Later, the theory of stability of conformal mappings which ap- 
peared in the framework of the theory of quasiconformal mappings was developed 
mainly by M. A. Lavrent'ev himself as well as P. P. Belinskii and Yu. G. Reshet- 
nyak (for example, see the monographs [H [22j [32l |33l [34] and bibliography therein). 
One of the main results of this theory is the following assertion (for example, see 
[1 [31 [31 [31 [31 [3S]): For a ball B{x,r) C W\ n > 2, each K -quasiconformal 
mapping v. B{x,r) — >■ R" with coefficient K close to 1 deviates little in the C- 
norm from conformal mappings on each subhall B[x,pr), Q < p < 1; moreover, 
the deviation vanishes as K ^>- 1. The stability property of conformal mappings 
is applied to obtaining important theorems both in the theory of quasiconformal 
mappings and its applications; therefore, finding other classes of mappings possess- 
ing the stability properties represents an interesting problem. Starting from the 
stability theory for conformal mappings, A. P. Kopylov [2r (also see 22J) proposed 
the general conception of stability in the C-norm for classes of mappings, while 
he himself named ^-stability. This conception agrees properly with the theory of 
stability of conformal mappings (see [2TJ[22]). Indeed, the above result is equiva- 
lent to the theorem on ^-stability of the class of conformal mappings in the class of 
quasiconformal mappings (see [H Chapter 1, § 1.3]). In the ^-stability framework 
various stability theorems were obtained for classes of multidimensional holomor- 
phic mappings, classes of solutions to elliptic systems of linear partial differential 
equations, classes of homotheties, and a series of other mapping classes (for exam- 
ple, see the articles by Kopylov |2ll |2l [23], Dairbekov [^ [ID], Sokolova [Ml 137] . 
and the bibliography therein). Most of the above-mentioned mapping classes can 
be considered as classes of solutions to equations of the form ([2]). In [15] we ob- 
tained a theorem on ^-stability of classes of solutions to ([2]) (see [HI Theorem 1] ) . 
Some notes on the history of results on the self-improving regularity and on the 
removability of singularities for mappings with bounded distortion can be found 
in the book of T. Iwaniec and G. Martin [11 (see also [1 [H [H [TT] ) . We would 
like to point out that removability problems and regularity theory under minimal 
hypothesis are of crucial interest in PDE's. The recent article of A. P. Kopylov [24] 
contains an exposition of new results on stability and regularity of solutions to ellip- 
tic systems of linear partial differential equations. As in [H [H [H \T5\ we develop 
the approaches and methods used for investigations of mappings with bounded dis- 
tortion to study properties of solutions of ([T]). In particular, we apply the Hodge 
decomposition theory developed by T. Iwaniec and G. Martin [T8l[l71[T9l and used 
by them, for instance, for obtaining the theorems on self-improving regularity and 
removability of singularities for mappings with bounded distortion (for example, 
see [m Theorem 14.4.1 and 17.3.1]). 

We now describe the structure of the article. In § 2 we give the basic notation 
and terms. In § 3 we state the main results. In § 4 we expose the preliminary 
results. The proof of Theorem 3.1 is presented in § 5. In § 6 we give the proof of 
Theorem 3.5. 

2. Notation and Terminology 

Let A be a set in R". The topological boundary of A is denoted by dA. The 
diameter of A is defined as diamA := sup{|a; — y\ : x,y £ A}. The outer Lebesgue 
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measure of A is denoted by \A\. We use the symbol dimn A for the Hausdorff 
dimension of A. 

The set R™>^" := {C = (Cm!^)m=i - : (^^ e R, fi ^ I, . . . ,m, v = 1, . . . ,n} 

consists of all real (?7ixn)-niatrices. We identify a matrix C = (Cp,y)M=i. ,m e R"'^" 

with the linear mapping (Ci,...,Cm): R" -^ R™, where (/.(x) := J2]^=iCf^i'X^, 
fi = 1, . . . ,m, X — {xi, . . . , Xn) G R"- The operator norm in R™^" is defined as 
CI '■— sup{|C(x)| : X e R", |x| < 1}; and the Hilbert-Schmidt norm is defined 

3'S IICII '■— (X^uLi E"=i Cuiy ) • The number of fc-tuples of ordered indices in 

r^ := {/ = (ii,...,ifc) : 1 < «i < ••• < Jfc < "-, i>c e {l,...,n}, >< = l,...,fc} 
equals the binomial coefficient (^) := w;jzrCTT- Given a; S R" and / G F^, we put 

XI :— {xi^, ... ,Xi^) e M'"'. For / £ F^' we denote dxi — dxi^ A • • • A dxi^^. We 
use a convection that dxj = 1 if fc = 0. The entries of the fcth associated matrix 
Mfe(C) := (detj/C)jer;5^,/erfc e r(")''(^) for the matrix C G R™""" are the fc x fc- 

: • . : . Here and in the sequel we enumerate the 

entries of T e M(.'=^^vfc) by lexicographically ordered fc-tuples / G Fjj and J £ F^, 
i.e. T — {'^ji)j^T'' .ler''- We identify Mi{() with C. 

The Jacobian matrix of u = (ui, . . . , Um) '■ U C R" — > R™ at a point x G U 
is the matrix u'{x) := (§^(a;)) m=i. ...™ • If ^ G Ff, and J e Ff„ then ^(x) = 

Let V be a real vector space. We say that a function $ : V — ?> R is positively 
homogeneous of degree p G R if ^{tx) — tP^{x) for all i > and x E V \ {0}. 
Following Ch. B. Morrey [30], we say that a continuous function F: 
quasiconvex, if 



(4) |B(0,1)|F(C)< / F{C + ^'ix))dx 

JB(0,1) 

for aU ip e C^(S(0, 1);R") and C G R™^". Let p > 1. Following M. A. Sy- 
chev [38j . we say that a quasiconvex function F is strictly p-quasiconvex if, for 
( G ]^mxn g^j-^j^ £, C > 0, there is (5 = (5(C,e, C) > such that, for each mapping 
^ G Co°°(5(0,l);K") satisfying ||(^'|Up(s(o,i);K™x") < C|S(0, 1)|1/p, the condition 
/b(o,i) ^(^ + ^'(^)) ^^ ^ 1^(0, 1)|(F(C) + <5) implies \{x G B(0, 1) : \^'{x)\ > e}\ < 
e\B{0, 1)|. Observe that in the mathematical literature the term strictly quasicon- 
vexity is also used for another property (which is close but nonequivalent to ours) 
consisting in the fact that the strict inequality in the definition of quasiconvexity (|4]) 
is valid for nonzero mappings (p (for example, see [20]). In this article we use the 
term in the sense of M. A. Sychev's definition [35]. In the case p > 1 the notion of 
strictly p-quasiconvexity for functions F of this article is equivalent to the notion 
of strictly closed p-quasiconvexity from J. Kristensen's article [3S] which is defined 
in terms of the theory of gradient Young measures (see [151 Proposition 3.4]). Ob- 
serve that we can replace the ball 5(0, 1) in the definitions of quasiconvexity and 
strictly p-quasiconvexity by an arbitrary bounded domain U with \dU\ = (for 
example, see [31]). A function G: R™^" -h> R is a null Lagrangian if both func- 
tions G and —G are quasiconvex. The term "null Lagrangian" appeared due to 
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the following fact: The Euler-Lagrange equation corresponding to the variational 
integral JjjG{u'{x)) dx with null Lagrangian G holds identically for all admissible 
deformations u:UcM."-^W (see [^ and also [HI El [6l H EI] ) . The only the 
afBne combinations of minors (called quasiaffine functions) are null Lagrangians 
[nHH] (also see [UlEllSllZlIiniEniEI]); ie. 

inin{m,n} 

(5) G(C)=7o+ E E 7.//det,;K, C e R™>^", 

for some 70, jji G M. 

3. Statement of the Main Results 

Fix a number fc G N, 2 < fc < mm{n,m}. Below we assume that continuous 
functions F: R™^" ^ M and G: R™^" -^ M satisfy the following conditions: 

(HI) i^ is a quasiconvex function; 

(H2) G is a null Lagrangian; 

(H3) F and G are positively homogeneous of degree k; 

(H4) sup{K > : F(C) > KG{C), C & M™''"} = 1; 

(H5) CF ■■= inf{i^(C) : C e R"^", |C| = 1} > 0; 

(H6) da := sup{X]jgr!5,./er* llJiW^i? '■ ^ £ ^"^ k| = l} < kcp/in - k) in the 
case k < n. 

Here the coefficients 77/ are taken from ([5]) for the null Lagrangian G. By (H3), 
the representation ([S]) for the null Lagrangian G consists only of (fc x fc)-minors; 
i.e., 

(6) G(C)= 5] 7J/detjK, CeM"-". 
Since i^ is continuous, (H3) implies the inequalities 

(7) cfICI" < FiO < Cf\C\\ CeM™"", 

with the constants cp from (H5) and Cp := sup{i^(C) : C e R"^", |C| = 1} < 00. 

Theorem 3.1 (Self- improving regularity). Suppose that F and G satisfy (H2)- 
(H5). Let K>1. Then there exist two numbers q{F,G,K) andp{F,G,K) with 1 < 
q{F,G,K) < k < p{F,G,K) such that for a given exponent p > q{F,G,K) every 
mapping v G W-^^^{V;W"^), which is defined on an open set V C R" and satisfies 
inequality (P), actually lies in Wi];'{V;M:'") far all s G {q{F,G, K),p{F,G, K)). 
Moreover, for each test function ip G G^{V) we have the Caccioppoli-type inequality 

(8) \\ipv'\\Ls(V;WL^-^) <C{F,G,K,s)\\v ® tp'WL^^vM^-^) 
for some constant G{F, G, K, s) > 0. 

The following Theorems I3.2H3.4I are a straightforward consequence of Theo- 
rems [XT] and [ini Theorem 8, 4, and 6]. 

Theorem 3.2 (Holder regularity). Let F and G be functions satisfying (H2)-(H6). 
Put Kf) — 00 for k — n and Kq — , ^^^ , for k < n. Suppose that K G [1, Kq) 
and (5 G (0. 1) satisfy the inequality 



kcp n — k + k5 
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Let V be an open set in R". Then each solution v £ Wi^^(V;M™) of inequality ([T]) 
satisfies the Holder condition with exponent 6 on each compact subset in V . 

Theorem 3.3 (Stability in the C-norm). Suppose that F and G satisfy (H1)-(H6). 
Let K > 1, and let q{F,G, K) denote the exponent from Theorem \3.1i Let V be a 
domain in R", and let U be a compact subset in V . Then there is a function a{K) = 
aF,G,v.u{K) defined for 1 < K < Kq and such that lim/^^i a{K) — a(l) = and, 
for each mapping v £ W-^^^{V;'MJ"), p > q{F,G,K), which satisfies inequality ([1]) 
there is a mapping u £ W-^^^ {V]W^) which is a solution to ([2|) such that 

(10) Iji; - u\\ciu;w^) < a{K) diamw(y). 

The next theorem improves Theorems 13.31 in the case when the function F sat- 
isfies the foUowing condition: 

(HI') F is strictly fc-quasiconvex. 

Note that condition (HI') is stronger that (HI). In this case, in addition to the 
estimate (fTO|) of proximity (in the C-norm) of solutions of inequality ([T]) to solutions 
to equation ([2|) , we obtain proximity estimates (in the L -norm) for the derivatives 
of these mappings. 

Theorem 3.4 (Stability in the Sobolev norm). Suppose that F and G satisfy (HI') 
and (H2)-(H6). Then the conclusion of Theorem \3.3\ is valid together with (|10p and 
the following inequality: 

(11) ||t;'-M'||vi/i,fc(;7;R'"x) < a{K) dia.mv{V). 

Theorem 3.5 (Removability of singularities) . Suppose that F and G satisfy (H2)- 
(H5). Let K >1, and let q{F,G,K) denote the exponent from Theorem \?i.l\ Con- 
sider a domain V C R". Then for a closed subset E of V with the Hausdorff 
dimension dim//(i?) < n — q{F, G, K) every bounded mapping v £ W^^^ {V \ E; R™) 
which satisfies inequality ^ can be extended to a mapping of the class W^^^ {V;W^) 
which is defined over the whole domain V and also satisfies inequality p^ . 

4. Preliminary Results 

Let I £ Z with < / < ?i, and let p > 1. Denote by LP(R";A') the space of 
differential ^forms on R" with coefficients in L''(R"). 

The following theorem is a modification of the result of T. Iwaniec and G. Martin 
on integral estimates concerning wedge products of closed differential forms |19l 
Theorem 13.6.1]. 

Theorem 4.1 (Estimates beyond the natural exponent). Let n,k £ N with 2 < k < 
n. Consider pi, . . . ,pk, ei, . . . , £fe £ R and h, . . . ,lk £ N such that 1 < p^ < cxi, 
■^ + ■■■ + — = I, ~1 < 2e^ < 221^ and i -.^ n - h - ■■■ - Ik > 0. Let 

Pi Pk — — Px — 

/ — [ii, . . . ,if) £ rjj. Suppose that {ipi, . . . ,Lph) be k-tuple of closed differential 
forms with ip^ £ i(i-^-)P-(R"; A'"). Then 

I ifiA--- AipkAdxj 



\Lpi\-^ ... \(pk\'"' 

< G{pi,. . . ,pfe)niax(|ei|, . . . , kfc|)||¥'i||^7fi.i,„(R„.A,i) ■ • ■ \\'Pk\\]~a-^^)vki 



■A^k)- 
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Remark 4.2. For the case I = 0, i.e. dxj = 1, the estimate ([T2|) was estabhshed in 
[l9l Theorem 13.6.1]. In the proof of Theorem 14. II we use the technique of Hodge 
decompositions developed in |I9J (see also [171 H]) and apphed for proving of [T^ 
Theorem 13.6.1]. 

Proof of Theorem\4l\ Observe that (1 - e^)p^ > ^^^ > 1, m: = 1, . . . ,k. We 
have ^^ e LP-(R";A'-). Denote by VF1'P(IR"; A'), 0<l <n,p>0, the space 

of differential /-forms on M" with coefficients in VF^'^(R"). We can consider the 
following Hodge decomposition in i''" (R" ; A'*' ) ([18l Theorem 6.1], see also [19l 
§ 10.6]): 

(13) -^ = da^ + d*l3^ 

with some a^ e VF1'P-(M"; A'--^) and (3^ e W^1'P-(R"; A'-+i). Here d is the 
exterior derivative, and d* is its formal adjoint, the coexterior derivative. The 
forms da,^ and d*/3^, h — 1, . . . , fc, are uniquely determined and can be expressed 
by means of the Hodge projection operators 

£;: LP(R";A')->dW^i'P(R";A'-i) and ^* : LP(R"; A') ^ d*W^i'P(R"; A'+i) 

defined by [H § 10.6, formulas (10.71) and (10.72)] for 1< p < oo and 1 < / < n-\. 
Namely we have 

(14) da^ = E{ "^"^ \ and d*^^^E*^ "^^ 



Applying [THl Theorem 6.1], we get the following bound for exact term: 

(15) ||(ia^||ip^(R„.Ai>.) < C'i(p^)||(^^||^7i'L';^)p^(jj„.^,^-|. 

By [m § 10.6, formulas (10.73) and (10.74)] we have Keri; = {^p <^ LP(R";A') : 
dV = 0}andKer^* = {</? e LP(R"; A') : dip = 0} for 1< p < cx) and 1 < / < n~\. 
Then E*{ip^) = 0. Therefore we can write d*/3>t as a commutator 



Applying [TSl Theorem 12.2.1] (see also [T71 Theorems 8.1 and 8.2]), we obtain 

(16) IM/3^llLP.(R";Ai,<) <<^2(p^)|e,<|l|<^>.|li7i"-':>.)P.(R^;A'«)- 

Using ([T^. we have 

/ ^^,^;;'^^^^^^'^^" = [{da, + d*P,) A ... A (da, + d* Pu) A dx; 



dai A • • ■ A dafc A dxj + B. 

Since pi,...,pk represents a Holder conjugate tuple, by Stokes' formula via an 
approximation argument we obtain 



(18) / dai A ■ ■ • A dak A dxj = 
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The integrand S is a sum of wedge products of the type "01 A • • • A V'fc A dxj, where 
Tp3^ is either da^ or d*l3^ and at least one d*P^ is always present, with at most 
2''' — 1 terms. Combining Holder inequality with (jTS]) and (|16p . we get 



iJlA---Ai)k/\dXj< C3(fc)||'(/'l||LPi(R";A'i) ■•• IIV'fc||LPfc(K";A'k) 

with e := max(|ei|, . . . , |efe|). This with ^7^ and dH]) yields (fT2 



'Pfe|li(i-efc)pfc 



;A'fc) 



D 



The following theorem is a modification of the results of T. Iwaniec and G. Mar- 
tin on integral estimates for Jacobians [THl Theorems 7.8.1 and 13.7.1] and is a 
consequence of Theorem 14.11 

Theorem 4.3 (Fundamental inequality for subdeterminants) . Let n,m,k £ N 
with 2 < k < min(?Tj, n). Then there exists a constant C{k) > 1 such that for every 
distribution v = {vi, ...,«„) £ P'(R";M''") with v' £ LP(R";R'"^"), 1 < p < oo, 
and for every I = (ii, . . . ,ik) G Tjj^, J = (j'l, . . . , j^) G F^ we have the inequality 



(19) 



Remark 4.4. For the case k 
Theorems 7.8.1 and 13.7.1]. 



,'w-kdvj_ 
' dxi 

n = 



1 



V 



'IP 



<C{k) 

m the estimate P^ was established in P^ 



Proof of Theorem \4-3\ Let p^ 
Thenl<p^<oo, ;^ + --- + ;^ 



k, e> 
:l,f: 



e 



1 — |, and l^ := 1 for >f = 1, . . . , fc. 



n — fc = n — li' 



-lk>Q,{l-e^)p, 



and max(|ei| 



kfe|)-kl = |i 



Let (^^ := dwj^ e L(i-^-)p-(M";A'-). Let 



/ = (ii, . . . , ij-) G rjj be the ordered ^tuple such that {ii, . . . , i;-} = {1, . . . , n} \ 
{ii, . . . , ik\- We chose the sign sgn/ such that sgnldxj A da;| = dxi A • ■ • A dxn. 

When p lies outside the interval (-^^j ^) the estimate is clear as (IT^ always 
holds with 1 in place C{k) |l ^ f I- In this case |l — f I > ^^ and inequality p^ 
holds with C(fc) = ^. 

Suppose that fc + 1 < 2p < 3fc. Then -1 < 2e^ < 2^ and |e| < 1/2. Applying 



Theorem 14. 11 we obtain 

/ dvj 



sgnldvj-^ A 



A dwjj. A dxj 



\dvj,\ 



\dvjj 



<C^{k)\e\\\dv,,\\l-l 



\\dv^ 



3k IIlp(K 



Using the elementary inequalities 
< a < 1 and — 1 < e < 1, we have 



dvj 
dxj 



< \dv,,\ 



dvj^ I and \a — a 



<Ciik)ej \v'\P. 
1-^1 < lei for 



dvj 
dxj 




dvj 
dxj 




|„/|efe 


\dVj, 


e 

dvj 
dxj 


\dv,J^ 
\v'\P 




\dl 


n\- 


■l^^^iJ 



\dvjA---\dvjJ f\dvj^\...\dvjj 



n'\k 



n'\k 



< \e\\v 



'IP 
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Combining this with (|20|) . we obtain 



dxi 



< 



dvj 



dvj 



,J\£k 



\dvj,\'---\dvjj' 



dvj 
dxj 



\dvj,\ 



\dv 



jk I 



<(Ci(fc) + l)|£| \V'\^ 



D 



In the proof of Theorem 13.11 we use the following version of Gehring's lemma 
(see, for example, [THl Corollary 14.3.1]): 

Lemma 4.5 (Gehring's Lemma). Suppose f and g are non-negative functions of 
class L'^(M."'), 1 < q < oo, and satisfy 



1 



\Bia,R)\ 



r 1 < 



Q 



B{a, 2R) yB(a,2fl) ^ ^ V \B{a, 2R)\ ] ^^.^^j,) ^' 



for all balls B{a,R) C M" and some constant A > 0. Then there exists a new 
exponent q' — q'{n, q. A) > p and a constant C — On, q, A) > such that 



r <c 



5. Proof of the Self-improving Regularity Theorem 
We are now in a position to prove Theorem 13.11 given in Section [3l 



Proof of Theorem \3.1\ Let p > 1. Obviously, we may assume that 1^9 > as oth- 
erwise we could consider \lp\ which has not effect on inequality dH). Consider the 
auxihary mapping h := ipv e M^^'''(R"; R™). We have h' = ipv' + v ($> 'f'- Using ^ 
and (dl, we deduce 



fe-i 



(21) Ih'l'' < i\^v'\ + \v^ ^'D'^ = ip^lv'l'^ + II ( " ) Iw'nv <» ^'"'"^ 



fe-i 



=0 
fc-i 



< c^ v'i^(«') + E (i^'i + 1" ® ^'i)"i^ ® ^'i'" 






i(p'\)''\v(g)(f 



i\k- 



< Cp^KG{ipv') + Ci{k){\h'\ + \vr^ 'P'\)'"''^\v ® (p'\ 
= c-/KG{h' -v®ip')+ Ci{k){\h'\ + \v® ip'\f-^\v ® ip'\ 

< c-/KG{h') + C2{F, G)K{\h'\ + \v® f'D'^-^lv ® ip'\. 
Multiplying this inequality by \h'\P^'^, after a little manipulation we obtain 
(22) \h'\P < Cp^K\h'\P-''Gih') + Cz{F, G,p)K{\h'\ + \v (g, ip'\f-^\v ® ip'\. 

We observe here that clearly (|/i'|-f |w®(/3'|)^~"'^|ti(8)(^'| enjoys higher integrability than 
\h'\P. Using ®, we have \h'\P-''G{h') = J^j^r" jer" 1jiW\p-'' detjiv'. Applying 
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Theorem HSl we obtain / \h'\P-''G{h') < diG) |l - f | / \h'\P. Combining this 
with dUD, we get 



(23) 



J CF 



Put q{F,G,K) = fcfl 



now that p e {q{F,G,K),p{F,G,K)). Then "^^'^J'^ |l-f| < 1. In this case 



Ci{G)K 

p{F,G, 
inequahty ([23| can be expresed as 

C3{F,G,p)K 



\h'\P+G3{F,G,p)K {\h'\ + \v(g)^'\f-^\v(g}(p'\. 



Suppose 



andp{F,G,K) = k (l 



C4(G)K 



Ci{G)K l-i _ pi 



/ivr- 



Ci{G)K N _ £| 

cp I k I 



{\h'\ + \v®ip'\)P-^\v®ip'\. 



We have 



(|/i'| + It- ® ./j'lf < 2P-1 / {\h'\P + \v(g, <f'\P) 

C3{F,G,p)K Z-,,^,, , ,_,„,|.p_i 



< 2^" 



p fei 



<C(F,G,ir,p) 



(|/i'| + b^^'l) 



'hP 



.) 



\v <S> (f' 



Then, in view of 



Hence |i \h'\ + \v(g) ^'|I|lp(k.) < C{F, G, K,p)\\v ® (^'Hlpcb-;: 

the simple fact that \ipv'\ < \h'\ + \v(E)(p'\, we obtain the Cacciappoh-type estimate 



(24) 



ll^t^'ll 



LP( 



<CiF,G,K,p)\\v®ip'\\L.iM^. 



.). 



Of course now we observe that this inequahty holds with p replaced by s for any s G 
(g(F, G, K),p{F, G, K)), provided we know a priori that v e W^];'{V; M™). 

Let S ^ {s £ {q{F,G,K),p{F,G,K)) : v G W^^'{V;W")}. We have p e S. 
Therefore, S ^ 0. For s G 5 we have ([8]); the constant C{F, G, K,p) which depends 
continuously on s is finite in the range q{F, G, K) < s < p{F, G, K) but may blow up 
at the endpoints. This shows that S is relatively closed in {q{F, G, K),p{F, G, K)). 
The theorem will be proved if we can show that S is open. Certainly, if s S S*, then 
(g(F, G, K),s] C (<?(F, G, K),p{F, G, K)). We are therefore left only with the task 
of showing higher integrability of the differential. It is at this point that Gehring's 
lemma comes to the rescue. We easily derive from I^T^ reverse Holder inequality 
for h' . Let Bji :— B{a,R) C B{a,2R) =: B2R be a concentric balls in V and let 
< ^7 < 1 be a function in C^{B2b) which is equal to 1 on Bj^ and has jr/l < 
— ^. Now we repeat the above calculations with some modifications to obtain 
the Cacciapolli-type estimate for h — hB2R and 77, where /isai? •— \B; i Ib 1^1' 
Consider the mapping H := ri{h — hB^n)- We have H' — rjh' + {h — /ibsh) ® v' ■ 
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Using ([2T|) . we deduce 



/\\k 



(25) \H'\''<{\rjh' + {h-hB,,)<^v'\) 

k~l 



<=0 



V'lhf + Y.i )\vhr\{h-hB,J®v'\ 



fc-> 



< Cp^KG{T^h') + C2iF, G)K{\T]h'\ + 7^\v (g, ^'D'^-Sb ® V^'l 



fe-i 



<=o 



E i\vh'\r\ih - hs,^) ® 77?"" < c-/KG{H' - [h ^ hs,,) ® v') 



+ C2{F, G)K{\H'\ + \{h- hB,n) ® v'\ + V\v ® f'lf'^vlv ® ^'\ 



fc-i 



Multiplying this inequality by |_ff'|P^", after a little manipulation we obtain 
(26) |iJ'|P < Cp^K\H'\v-'^G{H') 

Using again ^ and Theorem 14.31 we obtain 



C,iF,G,p)K ^^ 



Ci(G)K U _ £| 

X j {\H'\ + \{h- hB,^) ® v'\ + V\v ® V'\Y-W{h - hB,^) ® v'\ + V\v ® v'\). 
We have 



{\H'\ + \{h-hB,,)®v'\+v\v®v'\f 



<2P-i {\H'\P + {\{h-hB,^)®v'\+v\v®v'\f)<^'' 



_J Ce{F,G,p)K 



^_ Ci{G)K N _ p| 
-. Cf I k I 

X I {\H'\ + \{h- hB,„} <E> v'\ + V\v ® ^'\T'W{h - hB,„) <E> v'\ + v\v ® ^'|) 

+ {\{h-hB^:,)®v'\+v\v®v'\Yj 

< C7iF,G,K,p) I {\H'\ + \{h-hB,^)®v'\+v\v®'p'\r-\\{h-hB,^)®v'\+v\v®^'\) 

i\H'\ + \ih-hB,^)®v'\+v\v®^'\r 

i\{h~hB,j,)®v'\+v\v®^'\y 



<Cj{F,G,K,p) 
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Hence 

\\\H'\ + \{h - hB,„) ® r]'\ + r]\v ® ^'\\\l,(^r^) 

< C7iF,G,K,p)\\\{h - hB,n) ^ V'\ + V\V ® if'WlLPiM^)- 

Then, in view of the simple facts that 

\vh'\ < \H'\ + \{h- IiB,,) ® v'\ < \H'\ + \{h- IiB,,) ® v'\ + V\v ® ^'1 
and 

{\{h - hB,^) ® v'\ + v\v ® <p'if <\{h-~ hB,,) ® v'f + v\v ® ^r, 

we obtain the Cacciappoh-type estimate 

\r]h'\P < Cs{F, G, K,p)J\(h- hB,^) ® r^r + ^(F, G,K,p) J tj\v ® ^'\p. 
Using the properties of the test function rj, we get 

/ \h'\P<C,iF,G,K,p)R-P f \h-hB,,r + C,{F,G,K,p) f \v(^^'\p. 

J Br J B2R ^ B^R 

Combining this with the Poincare-Sobolev inequahty (see, for example, |19i Theo- 
rem 4.10.3]), we obtain 



7^/ \hr<C,o{F,G,K,p)(^ I \h'\^. 



\Br. 

, CMF,G,K,p) f 
+ 5 / |w(8)^| 

i<2fl, Jb2r 

Hence 



1 f \^^C,,iF,G.K,p) 



Br\ J Br ) B2R 



^ ^ {Gi2{F,G,K,p)\v®^'\r^"^' 



\B2RA Jb2r 

Put q = ^^-t£ > 1, / = |/i'|^^T5, and 5 = |t; (g) (^'|^^h^. By Lemma [4.51 we conclude 
that / is integrable with a power slightly larger than q. This in turn means that h' 
is integrable with a slightly higher power then p and so ■;; G WjJ^ {V; M™) for some 
p' > p. □ 

6. Proof of the Removability Theorem 

As in the proof of [19l Theorem 17.3.1] there are two key components in the 
proof of Theorem 13.51 Firstly, the assumption on the size of set E implies that 
E has zero s-capacity for an appropriate value of s. Secondly, the Cacciappoli 
estimate ^ holds for this particular value of s. 

Proof of TheoremlEIE We have q{F, G,K) <n- diu\H{E). Let 

s e {q{F,G,K),n - dimniE)). 

From [H Theorem 17.2.1] (see also [3 [29l |35l [39] ) , we obtain that the set E has 
zero s-capacity. It is clear that \E\ ~ 0. Further, Theorem [3T] gives the Caccioppoli 
estimate 

(27) ||</?w'|U=(y;B-x„) < C\\V (g> V5'||L=(y;R'"X'.) 
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for every ip 6 Ci^{V \ E), where the constant C — C{F, G, K, s) does not depend 
on the test function ip or the function v. 

Let X G ^o°{^) s-nd E' :— E n suppx- Then E' has zero s-capacity. Therefore 
there exists a sequence of functions {rjj £ C^{V))j^fii such that < rjj < 1; 
r]j = 1 on some neighbourhood of E' , liuij^ooVj — almost everywhere in M", 
and liiRj^aa J Wjl" = 0. Put ip^ := (1 - r]j)x e C^iV \ E) and Vj := ip^v G 
Wg'*(y;K™). Then the mappings Vj are bounded in L°°{V]W^) converge to %« 
almost everywhere. We have v', — ipjv' + v (E> ^'j and </?'■ = "XV'j + (1 ~ ^j)x'- 
Using ([27|) . we obtain 



< (1 + C)||i;®(^;||z,.(v.k™x„) 
< (1 + C) (||x||L~(y)lkllL~(y;R'")li'?jlU=(y;R-) + ||(1 - Vj)v ® x'IU=(y;K"x„)) . 
Passing to the limit over j, we get 
(28) limsup||z;;||i3(v.R™x„) < {1 + C)\\v ® x'WL^iv-M^-^)- 

Therefore the sequence (wj)jgp} is bounded in W^''^{V:M."^). Hence there exists 
its subsequence {vjJseN converges weakly in W^'^{V:M."^) to a mapping in this 
Sobolev space. Clearly, this limit coincides with xv almost everywhere in V . 

Therefore xv e Wo'^iV-^R"') for aU test functions x e C^{V). This yields 
V G Wi^^{V;M.™). Since w is a solution of inequality ([T]) almost everywhere in V, 
Theorem O yields v e W^;!: {V; «'"). D 
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